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Abstract: For further investigating the underlying structures of the D = 3, N = 4 Chern- 
Simons-matter (CSM) theories, we suggest a new concept and procedure for "fusing" two 
superalgebras into a single new superalgebra. The starting superalgebras may be those 
used in the previous construction of the double-symplectic 3-algebras in the M = 4 CSM 
theories: The bosonic parts of these two superalgebras share at least one simple factor or 
U(l) factor. We are able to provide two different methods to do the "fusion". Several 
explicit examples are presented to demonstrate the "fusion" procedure. We also generalize 
the "fusion" procedure so that more than two superaglebras can be fused into a single one, 
provided some conditions are satisfied. It is shown that two or more N = 4 theories with 
different gauge groups may be associated with the same "fused" superalgebra. 
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1. Introduction 



In the recent years, the constructions of D = 3, N > 4 superconformal Chern-Simons- 
matter (CSM) theories have attracted lots of attention, because these theories are conjec- 
tured to be the dual gauge theories of multiple M2-branes p] — 1|15[ . It has been demon- 
strated that general Chern-Simons gauge theories with (or without) matter are conformally 
invariant at the quantum level [17, 18, 19, 2C, 21]. After incorporating the extended super- 
symmetries into the CSM theories, these theories become extended superconformal CSM 
theories, and we expect that they are also conformally invariant at the quantum level. 
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The authors have been able to construct the Af = 4 quiver gauge theory in terms of the 
double-symplectic 3-algebra or the Af = 4 three-algebra 1 [0| . (The double-symplectic 
3-algebra is reviewed in Appendix |A|.) The double-symplectic 3-algebra consists of two 
sub symplectic 3- algebras. Denoting the generators of the two sub 3- algebras as T a and 
T a i [a = 1, • • • , 2R and a' = 1 , • • • , 25) , respectively, then the generators of the double- 
symplectic 3-algebras are the disjoint union of the two sets of generators T a and T a /. The 
untwisted multiplet &a and the twisted multiplet <E>^ of theory take values in these two 
sub 3-algebras, respectively, i.e. $a = ^°A T a and <3?^ = <3?^T a /. Here A = 1, 2 and A = 1,2 
are fundamental indices of the SU{2) x SU{2) R-symmetry group. The Af = 4 action 
can be built up by gauging part of the full symmetry generated by the double-symplectic 
3-algebra. 

Recently, using two superalgebras G and G' whose bosonic parts share at least one 
simple factor or one U(l) factor to construct the two sub symplectic 3-algebras, the authors 
have been able to derive several classes Af = 4 theories with new gauge groups and recover 
all known Af = 4 theories derived from ordinary Lie (2-)algebra approach as well |i3|| . (The 
general forms of G and G' are presented in Appendix ^.) 

In this paper we will propose the concept of "fusing" two superalgebras G and G' 
into a single closed superalgebra, which is not a direct product of G and G' , and will 
present two different methods to carry out the fusion procedure. Of course, one of the 
motivations is that the resulting superalgebra would be useful, or at least helpful, for further 
investigating the underlying structures of the Af = 4 CSM theories, hopefully because of the 
known close relationship between the superalgebras and the double-symplectic 3-algebras 



in the Af = 4 CSM theories (13]. Also, the concept of fusing two superalgebras into a 
closed superalgebra and the problem of classifying these "fused" superalgebras may be 
mathematically interesting. 

More concretely, if we identify the generators of the two sub 3-algebras T a and T a i with 
the fermionic generators of the two superalgebras Q a and Q a i , respectively, 

T a = Q a T a > = Q a >, (1.1) 

then one may construct the 3-brackets in terms of double graded commutators on the 
superalgebras |HJ, for instances, 

[T a ,Tb;T c i] = [{Qa,Qb},Qc>], [T a ',Tbi;T c ] = [{Qa',Qb'},Qc}- (1.2) 

Here Q a and Q a > are the fermionic generators of the two superalgebras G and G', respec- 
tively; the double graded commutator [{Q a , Qb}-, Qd] is defined by an anticommutator and 
a commutator. In order that the theory is physically interesting, we must require that there 
are nontrivial interactions between the twisted and untwisted multiplets; mathematically, 
we must require that 

[T a , T b - T d ] + 0, [T a ,,T b ,;T c ] ^ 0. (1.3) 



1 The N = 4 three-algebra is obtained from the double-symplectic 3-algebra by a "contraction": the two 
structure constants j a Vcd' and f a 'bc'd ar e set to vanish, while the rest four structure constants remain the 
same However, in this paper we focus on the double-symplectic 3-algebra approach. 
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Taking account of (|L^) , one is led to 



[{Qa, Qb},Qc'}^0, l{Q a >,Q b >},Qc]^0. (1.4) 



It has been proved that Eqs (1.4) can be satisfied if the bosonic parts of G and G' share 



at least one simple factor or one U(l) factor, provided that the common part of bosonic 



parts of G and G' is not a center of G and G' f|, The first equation of (|l.4|) implies 



that there must be a nontrivial anticommutator between Q a and Q c > in the sense that 

{Qa,Qc'}^0, (1.5) 

provided that the Q a QbQd Jacobi identity is obeyed: 

[{Q a , Qb}, QA + [{Q a , Qc>}, Qb] + [{Q c >, Q b }, Q a ] = o. (1.6) 

Actually, if {Q a ,Qc'} = 0, the last two terms of the RHS of ( [L~6| ) vanish. As a result, one 



must have \{Q a , Qb}, Qd] = 0, which contradicts the first equation of Eq. (L4). We are 



led to Eq. (|1.5|) again if we combine the second equation of (|1.4|) and the Qa'Qb'Qc Jacobi 



identity. For some special cases, one can show that the anticommutator (1.5) does not 
vanish by calculating it directly (Eqs. ( |2.28D and (3^) are two examples). 



On the other hand, according to the basic idea of supersymmetry, an anticommutator 
of two fermionic generators gives a linear combination of bosonic generators. It is therefore 
natural to introduce a set of bosonic generators M„ defined by 

{Qa,Qc>} = tt>Mu, (1.7) 



where t™ c , are structure constants. Having defined (L7), if we also define [M^Mg] and 
every commutator of and any generator of G and G' properly, so that every Jacobi 
identity of the "total" superalgebra consisting of M,- a and all generators of G and G' is 
obeyed, we say that G and G' have been "fused" into a single superalgebra which is closed. 
Note that one needs only to introduce the set of new bosonic generators Mn into the system 
for the purpose of fusion; in particular, one does not have to introduce any new fermionic 
generator into the system. 

We demonstrate that if both G and G' are orthosymplectic or unitary superalgebras, 
and their bosonic parts of G and G' share at least one simple factor or U(l) factor, we can 
fuse them into a single superalgebra by using two distinct methods. Some explicit examples 
are presented to demonstrate how to construct this class of superalgebras by fusing two 
superalgebras. For example, we can fuse U(Ni\N2) and [/(A^IA^) into a single superalgbra 
U(N 2 \Ni + N 3 ). Here the common bosonic part of U(N 1 \N 2 ) and U(N 2 \N 3 ) is U(N 2 ). 
Conversely, we can use the sub-super algebras U(Ni\N2) and [/(A2I-/V3) of U(N2\Ni + N3) 
to construct the 3-algebra in the J\f = 4 theory, providing the bosonic parts of the two 
sub-superalgebras share one common factor U{N2). 

We are able to work out the general structure of the "fused" superalgebras by adding 
several new graded commutators into the two superalgebras G and G' . We also generalize 
our fusion procedure by showing that three or more superalgebras can be fused into a single 
superalgebra by introducing more bosonic generators (analogy to in (|1.7|)). 
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The fusion procedure can be also generalized in another direction: by adding some 
fermionic generators into the system. We will call this procedure a fermionic fusion if 
one needs to introduce at least a set of new fermionic generators (except for new bosonic 
generators) for fusing two or more superalgebras into a single one (see Sec. |4.2j ). 

We demonstrate that two or more theories with different gauge groups can be associ- 
ated with the same "fused" superalgebra. 

This paper is organized as follows. In section ^ and section |3[ we present some explicit 
examples of the new superalgebra fused by two superalgebras. The general structure of 
the new superalgebra is worked out in section ||, and some examples for fusing three or 
more superalgebras into a single one are given as well. We end section |H| with conclusions 
and discussions. Several appendices are attached to make the paper more self-contained. 
In Appendixes |A| and we review the Af = 4 theories based on the 3-algebras and the 
superalgebra realization of 3-brackets and fundamental identities (FIs), respectively. We 
summarize our conventions in Appendix [C]. The commutation relations of some superal- 
gebras used to construct symplectic 3-algebras are given in Appendix |D[ 

2. Fusing Two Orthosympelctic Superalgebras 

As we explained in Section p], it is possible to fuse two superalgebras whose bosonic parts 
share at least one simple factor or U(l) factor. In this section, we demonstrate how to 
"fuse" a pair of orthosympelctic superalgebras into a single superalgebra by presenting two 
explicit examples. 

2.1 Sp{2N 1 ) x SO(N 2 ) x Sp(2N 3 ) Gauge Group 

Here we choose the two superalgebras as G = OSp{N2\2N\) and G' = OSp(N2\2N 3 ). (The 



commutation relations of OSp(M\2N) are given by Appendix D.2.) Namely the bosonic 
parts of the two superalgebras share one simple factor SO{N2). We denote the fermionic 
generators and the antisymmetric tensor of OSp{N2\2Ni) as 

Qn = Q-~ and uj n h = = few--, (2.1) 

where i = 1, • • ■ , N% is an SO(N2) fundamental index, and i = 1, • ■ ■ ,2N% an Sp(2Ni) 
fundamental index. For convenience, we cite the commutation relations of OSp{N2\2N\) 
here 

[M Tj , M- kT \ = 5- fk M Tl - 5 Tk M Tl + 5- T M- fk - 5- jT M Tk , 

l M rp M d = "]k M u + "ik M ]i + u ii M ]k + "Ti M ih 
l M r j ,Qkk] = s rkQik- s ikQ- j k> 

Q u .Q u [ hi^M,, ■ 6,^1^. (2.2) 

Similarly, we denote the fermionic generators and the antisymmetric tensor of OSp(N2 \2Ns) 
as 

Qa' = Qii> and u a ty = ur^jj, = b~quj V y. (2.3) 
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where i! = 1, • • • ,2A^3 is an Sp{2Nj) fundamental index, which is independent of % in the 
sense that 



[A*i/,/,Q;j] = and [M-,Q ?i ,] = 0. 



(2.4) 



Eqs. ( p.4| ) are explicit examples of ( B.13 ). The super Lie algebra OSp(N2\2N^) has similar 
expressions as that of (2.2). 

To construct the corresponding M = 4 theory, we can calculate the double graded 
commutator 

[{Qai Qb}, Qc'] = fabc' d Qd' (2-5) 

and read off the structure constants from the right hand side. Using Q2.2| ), we obtain 

[{Qih Q-jj}, Qkk>] = k ^rj( 6 ~fkQik' ~ khQ-jk')- ( 2 - 6 ) 

It is not difficult to read off the structure constants fabc'd 1 '- 

fabc'd' = fiiJlWfl' = kuijUk'V (<%<% - 6 ii 6 jk)- ( 2 -7) 

Similarly, one can calculate f a bcd by using [{Q a , Qb}, Qc] = fabc d Qd- A short calculation 
gives 

fabcd = ftijj,kkji = M(%«*jr - ^jkHj^M ~ kjkMkUjt + "iVji^- ( 2 - 8 ) 

And fa'b'c'd! have a similar expression: 

fa'b'c'd' = fii',jj',W,Tl' = M(%<% _ &il S jk) U; i'j'Uk'l> ~ hjhli^i'k'^j'V + UJi'i'LOj'k')]- (2.9) 

Alternatively, one can read off k uv and r^ b from (|2.2|) by comparing ([T^) with (|B.1| ) 
as well as ( B.ll ). For instance, 



n,33 13 
I. 

j^mn,pq _ _ffi m P§ n <l _ gmqfinp} 



(2.10) 
(2.11) 



(2.12) 



Similarly, we have 

( T pq)kk'fl' = Uk'l'iSpkdql- fip[5qk)- 

Combining Eqs. (|2lO|) -( ]2T2|) gives fl2~7l) : 

fabc'd' = k gh T 9 ab T^ d , = k mnm {Trnn)uTArpq)l k ,T V = hjlkk'Tl' = ^3^fc'i'(%%- <%%)• 



(2.13) 

In this way, one can also calculate f a bcd = k U vT^ b T^ d and fa'b'c'd' = K'v'^a'V T c'dh they are 
the same as fl2.8| ) and ( |2.9| ), respectively. 

Eqs. ( |2.7| ) — ( pT9| ) satisfy the symmetry conditions ( |A.23j ), the reality conditions ( |A.24| ) 
and the FIs ( |A.14|) . Eqs. (|2.8|) and (2J}) also satisfy the constraint equations ( |A.2E| ). 
Substituting Eqs. (|277|) - (|2l| into ( |A.29|) and (|A.31|) gives the M = 4 CSM theory with 
gauge group Sp{2N\) x SO{N2) x Sp(2N^), which was first constructed in Ref. || by using 
an ordinary Lie algebra approach. 
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2.2 Fusing OSp(N 2 \2N 1 ) and OSp(N 2 \2N 3 ) into OSp(N 2 \2(Ni + N 3 )) 

In this section we investigate the two superalgebras OSp(N 2 \2Ni) and OSp{N 2 \2N%) fur- 
ther. We demonstrate that they can be "fused" into a single closed superalgebra by using 
two distinct methods. Finally we prove that the "fused" superalgebra is nothing but 
OSp{N 2 \2{N x + N 3 )). 

Here the essential observation is that the anti-commutator of Q a and Qy cannot vanish, 

i.e. 



{Q a ,Qv} = {Qu,Q- jf }^0 



(2.14) 



provided that the Q a QwQc> (QfiQifQw ) J ac °bi identity is obeyed. Actually, if {Q-^, Q]j>} 
0, then the Q^Qjj'Qkk' J ac °bi identity 



{QibQ-n'},Qw] + [{QibQkk'},Qh'} + [{QwiQjj'hOd = 



(2.15) 



implies that 

[M ]k ,Qji]=0, (2.16) 
which is contradictory with the third equation of (2.2). So (2.14) must hold. According to 



the fundamental idea of supersymmetry, the anti-commutator of two fermionic generators 
must be a linear combination of bosonic generators. On the other hand, since i and f are 
independent indices, it is natural to define 



{Q,rQjf\ = ^ [Mi-,Q U <] = [ M i'j',Qki\ = 0, 

[M u ,,Q 3jl ] = Ui'j'Qj-, IM U „Q..} = u%Q- jif . 



(2.17) 



In the first equation, we have introduced a set of new bosonic generators M*-,. So the 



first equation of ( |2.17 ) is an explicit example of (1.7). Using fl2.17| ), it is easy to verify 
that the QjiQjj'Qkk' Jacobi identity and the QjiQjjQkk' J ac °bi identity are obeyed. One 
can also define all other possible commutators involving Mj .,, i.e. [M^,, •,], [M^,M^ fc/ ] 
and [Mi>j',Mtur], by requiring that the corresponding Jacobi identities are obeyed. For 
example, consider the M^Qj^Q^, Jacobi identity 



Wii'AQypQkk'}] - {Qn> [M^Qwl} - {Qw, m^Q-d] = o. 



'.i.i 



.i.r 



A short calculation gives 



(2.18) 



(2.19) 



It can be seen that the commutator of two new generators gives rise an Sp(2N±) generator 
My- of G and an Sp(2N 3 ) generator M^y of G'. The structure constants of the commuta- 



tor ( 2.19 ) furnish a fundamental representation of and a fundamental representation 



of Mj/fc/. Similarly, the commutator [M-^, M^ k ,], determined by the M^Q^Qj k i Jacobi 
identity, is given by 

(2.20) 



\ M iP M kk> 
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The structure constants of the above commutator furnish a fundamental representation of 
M^--. Finally the Mi>jiQ kk Qj k i Jacobi identity gives 

[M ilf ,M kk ,] = UJ jlk ,My + cow My. (2.21) 

It can be seen that M kk , provide a fundamental representation of Mj'j/. 

It is not difficult (though a little tedious) to verify that every Jacobi identity of the "to- 
tal" superalgebra consisting of My, and all generators of OSp{N2\2N\) and OSp{N2\2N^) 
is satisfied. So the five graded commutators in ( |2.17| ) must be the correct ones, and the 
new superalgebra "fused" by OSp(N2\2N\) and OSp{N2\2N^) is closed. The commutation 
relations of the "fused" superalgebra include ( |2~T7D , ( |2~T9| ), fl2~20D , ( fE2lD , and the commu- 
tation relations of OSp{N2\2N\) and OSp{N2\2N%). These commutation relations suggest 
that the "fused" superalgebra is simple, i.e. it has no proper invariant sub-superalgebra. 

In this way, we have "fused" the two orthosymplectic superalgebras OSp(N2\2N\) and 
OSp{N2\2N^) by solving the important Jacobi identities. We now want to provide an 
alternative way to construct the "fused" superalgebra. The main idea is the following: 
Using oscillators to realize OSp{N2\2Ni) and OSp{N2\2N^) first, then all commutation 
relations for fusing OSp{N2\2N\) and OSp{N2\2N^) can be determined straightforwardly 
by using oscillator algebras. 

To realize OSp(N2\2N\), we introduce a set of bosonic oscillators and a set of fermionic 
oscillators as follows 

[bi,&]=4, [b i ,b ] ] = [b I \^]=0; (2.22) 
{a h a^} = 5{, {aj } O|} = {o^o^} = 0. (2.23) 

Here i = 1, . . . , N2 and i = 1, . . . , 2N\. We use the invariant tensors d\j and ujq to lower 
indices; for instance, 

ti = 5^V\ and at = uj r Jl (2.24) 

The generators of OSp{N2\2Ni) can be constructed as follows 

Q Ti = V=fc(a^ + af6i), M Tj = ^ - b]b- h M Tj = -{a\a^ a\a{). (2.25) 

It is straightforward to verify that ( |2.25| ) satisfy the commutation relations of OSp(N2\2N\) 
( |2.2j ). Similarly, the generators of OSp(N2\2N^) can be constructed as follows 



Q,., = V=fc(ci/&{ + 4&j), M~q = btbj — b\b~ t , Mi>y = -{c\,c r + c),a,), (2.26) 

where b^ and &| are the same as that of fl2.22|) ; and cj, = a^yc?'^ (i' = 1, . . . , 2N%) are a 
third independent set of oscillators, satisfying 

{ci,,c>"t} = 4', {c i ,,c f } = {^,^} = 0. (2.27) 

With ( |2.25 ) and ( 2.26|) , the anticommutator of Q-^ and Qjji is given by 

{Q a , Qv} = {Qrv Qjj'} = fc«%(-ct /0 j + c f a\). (2.28) 
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Comparing it with the first equation of ( 2.17] ), we are led to define the set of new bosonic 



generators M---, as 



M li< = ~ c \' a i + c f a r 



(2.29) 



Substituting the oscillator realizations ( |2.25| ), ( p. 26 ), and ( 2.29| ) into the commutation 
relations ( 2,17| ), ( p,19| ), ( |2,20 ), and ( |2.21| ), we find that they are exactly obeyed. Namely, 
all the generators constructed in terms of oscillators obey exactly the same commutation 
relations as before. It is therefore unnecessarily to verify the Jacobi identities. In this way, 
we have constructed the closed superalgebra "fused" by OSp{N2\2N\) and OSp{N2\2N 3 ) 
in terms of three independent sets of oscillators. The advantage of the oscillator-realization 
approach is that it shows explicitly that it is unavoidable to introduce the set of new 
bosonic generators Mj-, (see ( 2.28 ) and (|2.29|) ). Also, using oscillators one can construct 
the commutation relations (|2~T^ ), ( ^19|) , (^20| ), and ( ^2l|) without any guessing work. 
Let us summarize the bosonic subalgebra of the "fused" superalgebra as follows: 



[M Tj ,M M } = 8- fk M- a - %M jr + %M JS - fyM®, 

[Mi'ji, Mkn>] = Ujik/Mini +Ui>k'Mj>i> +Ui'i'Mj'k' + uJj'i'M^k', 

[Mi, r ,M kk ,] = WjiyMy + uii'k'My. (2.30) 

The other commutators vanish. The first 3 lines are the Lie algebras of SO(N2), Sp(2Ni), 
and Sp(2N 3 ), respectively; the last 3 lines are the commutators involving the set of new 
generators M~ u , (see ( ^l9| ), ( ggg ), and (^2l|)). So the bosonic part of the 'fused' superal- 
gebra consists of four sets of generators 



M = (.\/, / ..\/, r .U, y ..\/, ; ,!. 
in which we have selected only the first three sets of generators , namely 



(2.31) 



M r 



(M iy M, r Mr 



(2.32) 



to construct the M = 4 CSM theory with gauge group Sp(2N 1 ) x SO{N 2 ) x Sp(2N 3 ). 



Notice that ( 2.32 ) is an example of ( B.16 ). 

It can be seen that the Lie algebra of SO(N2) (the first line of ( |2.30| )), the com- 
mon bosonic part of OSp(N2\2Ni) and OSp(N2\2N 3 ), is an invariant subalgebra of ( 2.30| ). 
We now prove that the last five lines of ( j2.30|) are actually the commutation relations of 
Sp(2(Ni + N3)). Let us begin by considering the simplest case, i.e. N± = N3 = 1. It is 
convenient to define 



N a 



and M 



ab 



aU 'i'M Vj , 



+ o- abij M : 



(2.33) 
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Here a a , a ab and a ab are denned as 

„a („\ „2 „3 -irx a\ / 1 2 3 

cr = (<T , a , (7 , il), a ' = (a ,a ,a 



a 



ab 



where a 1 (i 



-il), (2.34) 
a b a a\^ & ab = I( a a V - a b ^a a ), (2.35) 

1, ... ,3) are Pauli matrices and I is the 2x2 unit matrix. After some 



algebraic steps, we convert the last five lines of (2.30) into the form 



[N a ,N b ] = 4M 



ab 



[M ab , M cd ] = 5 bc M ad - 5 ac M bd - 5 bd M ac + 5 ad M bc , 



[M ab ,N c ] = 5 bc N a -5 ac N 



be i\ra 



(2.36) 



The second line is the familiar Lie algebra of SO (4). However, after combining the first 
line and the last line, the algebra turns out to be the Lie algebra of SO(5). To see this, 
define 



M 



u5 



-M 



5a -- -N a and M 55 
2 



0. 



Now ( 2.36 ) can be recast into 

[M ij , M kl ] = 5 jk M il - 5 ik M jl - 5 jl M ik + 5 u M jh 



(2.37) 



(2.38) 



where i = 1, . . . , 5. Eq. ( |2.38 ) is nothing but the Lie algebra of 50(5). 

Recall that the Lie algebra of 50(5) is isomorphic to that of 5p(4). So in the special 
case of Ni = N% = 1, the last five lines of ( 2.30| ) are indeed the commutation relations of 
Sp{2(N 1 + N 3 )) = 5p(4), hence flpfl ) is nothing but the Lie algebra of SO(N 2 ) x 5p(4). On 
the other hand, in Section 2.1, we have observed that the "fused" superalgebra is simple. A 
superalgebra whose bosonic part is the Lie algebra of 50(A^2) x 5p(4) must be 05p(iV2|4). 
This special case inspires us to guess that for general N% and JV3, the closed superalgebra 
"fused" by 05p(A^ 2 |2A^i) and 05^(^2)2^3) is nothing but OSp(N 2 \2(Ni +N 3 )). To prove 
it, we combine the fermionic generators Q--~- and Qj^ as follows 



Q 



il 




Qfifila + Qii'$2a, 



(2.39) 



where 1=1,..., 2(A r i + A^) is a collective index; 5\ a = (1, 0) T and 62a = (0, 1) T are "spin 
up" spinor and "spin down" spinor, respectively (they are not spacetime spinors). 
In the oscillator realization, Eq. ( 2.39 ) takes the form 

Qu = V^k(A\b 1 + A I bl), (2.40) 

where we have combined the two independent sets fermionic oscillators as one set: 



A, 




{Aj,A J l} = 8j, {Aj,Aj} = {A*\ A J ^} = 0. 
u u A J l (2.41) 
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With the above collective notation, all anti-commutators of the "fused" superalgebra can 
be summed up in the single one, 

{Qil, Q]j} = K&TjMu + ujuM-j), (2.42) 

where we have defined 

M u = M Tj 5 la 5 w + M Xj ,S la hp + M. i ,5 2a 5 1 p + M ilf 6 2a 6 2 p, (2.43) 
w/j = WtfSiaSip +u}i'j'5 2a 52i3- (2.44) 



Eq. (2.44) is just the component formalism of ujjj defined in (2.41). On the other hand, all 
commutators between the bosonic generators and the fermionic generators are compacted 
into two commutators: 

[M u , Q- kK ] = ujkQm + WlKQkJ, 

[Mjj, Q~ kK ] = 5- fk Q- iK - 5 Tk Q- jK . (2.45) 



With ( 2.43Q and (|2.44 ), after a lengthy algebra, the last five lines of ( 2.30 ) can be recast 
into 

[M u , M KL ] = co JK M IL + u IK M JL + uj jl M ik + u IL M JK , (2.46) 

which is nothing but the Lie algebra of Sp{2(N\ + N 3 )). Together with the algebra of 
SO{N 2 ) (see the first commutator of Q), (J2T42|) , ( ggg ), and ( ^ ) are precisely the 



commutation relations of OSp{N 2 \2{N\ + -/V3)). This completes the proof. Notice that 
the bosonic subalgebra of OSp(N 2 \2(N 1 + N 3 )) is the Lie algebra of SO(N 2 ) x Sp(2(Nt + 
N3)), while the Lie algebra of the gauge group is the Lie algebra of Sp(2Ni) x SO(N 2 ) x 
Sp(2Nz). Namely, we used only the bosonic part of OSp(N 2 \2Ni) and the bosonic part 
of OS'p(A r 2|2A r 3), not the bosonic part of OS'p(A r 2|2(A r i + N3)), to construct the physical 
theory. The difference is precisely the difference between ( p.31[ ) and (2.32). 



Notice that two or more theories with different gauge groups may be associated the 
same "fused" superalgebra. For instance, if we select the bosonic parts of OSp{N 2 \2{N\ — 
A)) and OSp(N 2 \2(N 3 + A)) (A = 0, . . . , iVj - 1), sharing the common factor SO(N 2 ), as 
the Lie algebra of the gauge group of the J\f = 4 theory, we will obtain different theories 
(with different gauge groups) as A runs from to (N% — 1). However, the corresponding 
"fused" superalgebras are independent of A, since 



(OSpiN^iNi - A)) fusing OSp(N 2 \2(N 3 + A)) 
OSp(N 2 \2(Nx -X + N 3 + X)) = OSp(N2\2(Nx + jV 3 )). (2.47) 



2.3 Fusing OSp^^Nx) and OSpiN^Nt) into OSp(N 2 + N 4 \2Nt) 

In this section, we choose the superalgebras G and G' as OSp{N2 \2N\) and OSp{Ni\2N\), 
respectively. The common simple factor of their bosonic parts is the Lie algebra of Sp{2N\). 
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The commutation relations of OSp(N2\2Ni) are given by (2.2). We denote the fermionic 
generators of 05p(iV 2 |2A^i) and 05p(JV 4 |2iVi) as 

Q a = Q Xi and Q a , = Q vi , (2.48) 

respectively. Here i = 1, • • ■ , JVjj is an SO(N2) fundamental index; i = 1, • • • , 2iVi is an 
Sp(2N\) fundamental index; i' = 1, • • • , iYj is an SO{N±) fundamental index. The structure 
constants of the 3-algebra f a b c 'd' are identified with the structure constants of the double 
graded commutator on G and G'\ [{Q a , Qb}, Qc>] = fabc ,d Qd' ■ A short calculation gives 

fabc'd' = fujlk'kd'l = -%<5fc'H^j7 + UftUli). (2.49) 



Also, fabcd are given by (|2.8[ ) and fa'b'c'd' have a similar expression as that of (p^q). Substi- 
tuting these structure constants into the action ( A.29| ) and the supersymmetry transforma- 



tions (|A.31|) gives the = 4 CSM theory with gauge group SO(N 2 ) x Sp(2Ni) x SO(Ni). 
This theory was first constructed in Ref. ||, using an ordinary Lie algebra approach. 

To fuse the two superalgebras G and G' , we first use oscillators to realize them. The 
oscillator realization of OSp{N 2 \2N x ) is given by (^22|) - (^25|) ; and OSp(N 4 \2N%) has a 
similar realization: 

Qi'i = v^mI' + = d l d j' - 4 ,di '' M v = ~( a l a j + ( 2 - 5 °) 



where and at are the same as that of ( 2.23| ); dy and d|, = Sy^d?'^ (i' = 1, . . . , JV4) are a 



third independent set of oscillators, satisfying 

[dj, , tP't] = 4' , [dj, , fy] = [d*'t, di't] = 0. (2.51) 

With a little oscillator algebra, we obtain 

{Qa, Qb'} = {Q Ti , Qj']} = kLo..M- r , My, = bU r - bid),. (2.52) 

This provides another example for the assertion in Section [l] that if the bosonic parts of two 
superalgebras G and G' share one simple factor, then the anticommutator between their 
fermionic generators cannot vanish, i.e. {Q a ,Qb'} 7^ 0. In order to use the same technique 
as the previous section, we define 

Qli= =Q$8 la + Q ift 6 aa , (2.53) 

where 1 = 1,..., (N% + N4) is a collective index; 8% a = (1, 0) T and 82a = (0, 1) T are "spin 
up" spinor and "spin down" spinor respectively (they are not spacetime spinors). In the 
oscillator construction, Eq. ( |2.53| ) is given by 

Qfi = v^-Bjaj + B ia \) (2.54) 
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where we have combined the two independent sets bosonic oscillators as one set: 

S /=f?h s7t =(T+l> [Bi,B J ^]=5 J I , [B h Bj] = [B I \B^]=Q. 





5 " = n / ' B I = ( 2 - 55 ) 



With the above compact notation, we obtain 

{Qih Qj]} = WijMy + u^Mu), [M- 3 ,Q Kk ] = u fk Q Ki + u rk Q K] , (2.56) 

where we have defined 

M u = M Vj 5 la 5 w + M- if 5 la 8 2 p - M ]i ,5 2a 5 w + M i/f 6 2a 6 2 p, (2.57) 
Sij = <%<ucA/3 + 5i'ji52 a 5 2 p. (2.58) 

Eq. ( |2.58| ) is the component formalism of 5u defined in ( 2.55 ). On the other hand, by 
either requiring that the Q j~-Q Kk Jacobi identity is obeyed or using straightforward 
oscillator algebra, we can obtain 

[M U , Q Kk ] = 5 JK Q Ik - 5 IK Q Jk . (2.59) 



Similarly, by either requiring that the Q j\Q j^M^l Jacobi identity is obeyed or using a 
rather lengthy oscillator algebra, we can derive the commutator 

[Mu, M KL ] = 5 JK M IL - 5 IK M JL - 5 JL M IK + 5 IL M JK , (2.60) 

which is just the Lie algebra of SO(N 2 + -/V4). Together with the algebra of Sp(Ni) (the 



second line of ( p.2| )), ( 2.56 ), (|2.59| ), and ( [2.60|) are precisely the commutation relations of 
OSp(N 2 + A^4 1 2A r i ) . Although we have completed the "fusion" of G and G' in terms of 
their oscillator realizations, the commutation relations ( |2.52| ), ( |2.56| ), ( |2.59| ), and ( 2.6C| ) 
must hold in general. 

3. Fusing U{N l \N 2 ) and U(N 2 \N 3 ) into U(Nt + N 3 \ N 2 ) 

In this section, we select the superalgebras G and G' as U(Ni\N 2 ) and U(N 2 \N3), respec- 
tively. Namely, the common part of their bosonic subalgebras is the Lie algebra of U(N 2 ), 
which is not simple due to the fact that U(N 2 ) = SU(N 2 ) x U{1). The commutation 



relations of U(M\N) are given by Appendix D.l . We denote the fermionic generators of 



U{N 2 \Nz) as Qu % and Qi' u , where the subscript index u = 1, ...,N 2 is a fundamental 
index of U (N 2 ) and the superscript index %' = 1, . . . , A3 is an anti-fundamental indices of 
U(N3). Similarly, we denote the fermionic generators of U(Ni\N 2 ) as Qu l and with 
i = 1,...,Al 

We first use U(Ni\N 2 ) and U(N 2 \N3) to construct the 3-algebra in the N = 4 theory. 
It is useful to define 



Qa = \ 1 J I = Ql U 5l\ — Qu l 5 2 \, Q a > = ( 1 4' I = Qi' U $la ~ Qti <>2a, (3.1 
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where Six = (1>0) T an d <^2A = (0, 1) T are "spin up" spinor and "spin down" spinor, 
respectively. As usual, the structure constants of the 3-algebra f a bc'd! can be read off from 
the double graded commutator: [{Q a , Qb}, Q&] = fabc' d 'Qd'- A short calculation gives 

fabc'd' = -k{8f8^8 kl 1 ' 8^61x82^626 + 8f 8^6,./ 6 f 82x8x^823 

+5~j 5u, u 8v k 8^61x82^82^5^ + 8~j i 8 iI , v 5i> k 8u 82x61^62^515). (3.2) 

Similarly, we obtain the structure constants f a bcd, 

fabcd = fi l k k ,ij j 52x5l(52p5i a + fji l ,^. k j j 52x5l(5i p 52a 

■ ./>',,'••• /^lA^A- + ffl ^8^82^82^, (3.3) 



AV.iV = Kh^f8- k 8i- 8f8^8/). (3.4) 



where 



And fa'b'c'd' have a similar expression as that of ( |3.3|) . Substituting these structure con- 
stants into ( |A29D and ( |A3lD gives the N = 4, C/(JV X ) x U{N 2 ) x t/"(JV 3 ) CSM theory. This 
theory was first derived in Ref. ||, using an ordinary Lie algebra approach. 

To fuse U{N\\N2) and ^(A^IA^), let us first construct them by the following three 
independent sets of oscillators: 

!",•"•'} 8f, {a } ,a,} = {J\^} = ] 

[bu,b^\ = 5u\ [b u M = [6 fi t,6«t] = 0; (3.5) 
{cj/,c*'t} = {ci/,c,v} = {/ty't} = 0. 

Here ? = 1, . . . , N%, u = 1, . . . , N2, and i' = 1, . . . , N3. In terms of the oscillators, the 
generators of U(Ni\N2) are given by 

Qu l = ^kbJ\ Qf = ^ka^\ Mf M e ° = -b u b^ . (3.6) 

A little algebra shows that they indeed obey the commutation relations of U(Ni\N2)- 
Similarly, the generators of U(N 2 \Ns) are given by 

Q/ = V=kbu<?'\ Qi> u = ^c v b u \ M/ = a v ai'\ M fi c = -b a b^ . (3.7) 

Now it is easy to calculate the non-trivial anticommutators between the fermionic genera- 
tors of U(Ni\N2) and U(N2\N^); they are given by 

{Qu\QA = kSfici.afr) = kS^W, 

{Qf, Q/} = fe<5fl°(ojc i 't) = k5^M{' . (3.8) 



Combining them with fl3.1[ ), we have 

{Qa, Qb'} = -k(6 € *M~ i '6 lx 8 2 fi + 8^^/82x810). (3.9) 
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This is the third example that if the bosonic subalgebras of two superalgebras G and G' 
have a common part, then their fermionic generators have nontrivial anticommutators. 
We now combine the two independent sets fermionic oscillators as one set: 

A '=fc)> Al] =(/t)' {^ Jt } = */, {A I ,Aj} = {A I \A*} = 0, 

where 1 = 1,..., (N\ + A^) is a collective index. We now are able to define 

Q * = (q/) = ^M Jt , Qi U = (^uj = V^kAjb*. (3.11) 

As a result, we can put the known anticommutator and commutators in the compact forms 

{Qa 1 , QA = KS/MJ + sJm/), [M/, = S^Qu 1 , [M n \ Qr\ = -5^Qi\ 

(3.12) 

where we have defined 

t ( mJ M-i' \ 

M/ = * , * ., . (3.13) 
\Mji % M v 3 J 

By either requiring that the Q fiQ jjQ Kk J ac °bi identity is obeyed or using oscillator alge- 
bra, we can obtain 

[M/, Q U K ] = Si K Qu J , [M/, Q K *\ = b^C}?. (3.14) 

Similarly, by either requiring that the Qi u Qv J Mj< L Jacobi identity is obeyed or using 
oscillator algebra, one can derive the following commutator 

[M/, M k l ] = 5j K Mj L - 5 I L M K J '. (3.15) 

We recognize that it is the Lie algebra of U (N\ + A%). Together with the algebra of U (A^), 
we find that Q3.12|) , (|3.14 ), and (|3.15|) furnish the commutation relations of U(N\Ni + A^). 



Notice that the "fused" superalgebra U(N\Ni + N%) can be used to construct the M = 6 
theory M. 



4. Generalizations of Fusing Superalgebras 

In this section, we shall work out the general structure of the superalgebra "fused" by 
two superalgebras G and Q whose bosonic parts share at least one simple factor or U (1) 
factor, and work out some generalizations such as "fusing" three or more superalgebras. 
The general commutation relations of G and G' are given by (B.l) and ( |B.2| ), respectively. 
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4.1 General Structure of Superalgebras Fused by 2 Superalgebras 

Given two superalgebras G and G' , what interests us most is that the bosonic parts of the 
superalgebras G and G' share at least one simple factor or U(l) factor, while we do not 
identify G and G' . Schematically, we have M" = (M a ,M 9 ) and M u ' = (M a ',M 9 ), with 
M 9 the set of generators of the common bosonic part of G and G' , i.e. M U (~)M U ' = M 9 ^ 0, 
but we exclude the possibility that Q a = Q a > and M a = M a = 0. Equivalently, we must 
require that p| 

K(Qa,Qb>) = u ab i = 0. (4.1) 

(The forms k are defined in Appendix [B|; for instance, u) ab = n(Q a , Qb)-) 
Recall that in Section [l] we have defined 

{Qa,Qv} = t%,M ii . (4.2) 

(See Eq. ( |1.7| ).) Comparing the first equation of ( |2.17|) with the above equation, we have 

Mu = M u „ (t%- jf = (f% 3jl = fc%44 . (4.3) 

Eqs. ( p.52 ) and ( |3.9|) are the other two explicit examples of ( |4.2| ). Using ( |4.2[ ) and the 
third equations of ( |B.6| ) and ( B.12j ), the Q a QbQc> Jacobi identity ( p..6| ) can be converted 
into 

<b k 9 hT 9d ' c >Qd> + O [Mu, Qb] + tf c , [M fi , Q a ] = 0. (4.4) 

Notice that the first term is a linear combination of the set of generators Qd'- We are 
therefore led to define 

[M u ,Q a ] = t ua d 'Q d >. (4.5) 

Roughly speaking, the new bosonic generators M u must "rotate" the set of fermionic 
generators Q a into Q^i . This means that the last term of the right hand side of [M u , Q a ] = 
tua d Qd' + tua d Qd vanishes, i.e. t ua d = 0. A proof on that t ua d = can be found in Ref. 

The last equation of ( p7|) is an example of (gj). With Eq. (|45|) , the Q a QbQd 
Jacobi identity (4.4) becomes 

\hhT 9 ab T hd ' d + tl d tj + ti,t ua d ']Q d , = 0. (4.6) 

This is a non- linear constraint on these structure constants. Now the key point is that we 
have to define t ua d ' carefully so that the identity (^6) is obeyed. Similarly, requiring that 
the Qc'Qd'Qa Jacobi identity is obeyed leads us to define 

[M u ,Q c ,]=tu b c >Qb- (4.7) 

Namely, the new bosonic generators M u "rotate" the set of fermionic generators Q c > into 
Qb- The fist equation of the second line of ( |2.17| ) is an example of Q4.7| ). With Q4.7| ), the 
Qa'Qb'Qc Jacobi identity can be converted into 

[k gh T 9 c , d ,T hb a + tl c ,tu b d > + t d du b AQb = 0. (4.8) 
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The equation in the bracket is essentially equivalent to that of ( [4.6|) . This is also consistent 
with the requirement that using either [{Q a , Qb}i Qc'] or [{Q c f , Qd'}, Qa] to calculate the 
structure constants f a bc'd' gives the same result 



abc'd' 



h , t 9 -r h 
K 9h T ab T c'd'- 



(4.9) 



All other unknown commutators, [M",M C ], [M U ,M% and [M u ' \M*\ can be deter- 
mined by requiring that the M u Q a Qy, M u Q a Qy, and M u Q a Qy Jacobi identities are 
obeyed, respectively. For instance, let us consider the M u Q a Qy Jacobi identity 



[M a , {Q a , Qy}) - {[M*, Q a ),Qb'} - {[M u , Q b >],Qa} = 0. 
After some algebraic steps, we obtain the equation 

(t,) ay [M s ,M c ] = t%,T% c k uv M v + (f) a c 'T?: v k u , vl M v \ 



(4.10) 



(4.11) 



which determines the commutator [M U ,M V ], since (t{,) a y is generally consisted of by in- 
vertible invariant tensors (the last equation of (fO|) is such an example). Eq. ( |2.19| ) is an 
explicit example which can be derived from Eq. (|4.11| ). Though it seems that both M u 
and M u> appear in the right hand side of ( [4.11 ), their common generators M 9 are generally 
absent in the right hand side of the equation 



(4.12) 



For instance, in Eq. ( p. 19 ), the common generators M-q do not appear in the right hand 
side. Similarly, by using Jacobi identities, we can obtain 



{U) aV [M u ,M*] = (t uc b dl c ,kuv + T UC a t%kuv)M\ 



(4.13) 
(4.14) 



Eqs. ( 2. 20] ) and ( p. 21 ) are two explicit examples which can be derived from ( |4.13| ) and 



( 4.14 ), respectively. 

In summary, we have defined the commutation relations (4.2), (|4.5[) , ( |4,7| ), ( 4.1 1| ) , 



( 4.13 ), and ( 4.14 ) for fusing G and G' , by requiring that the corresponding Jacobi identities 
are obeyed. If all Jacobi identities of the 'total" superalgebra consisting of M„ and all 
generators of G and G' are satisfied, we say that the superalgebra "fused" by G and G' is 
closed. Notice that in fusing G and G' , we have not introduced any fermionic generators; 
the set of bosonic generators M„ are the only ones introduced for the fusion. An alternate 
approach is that one can use oscillators to construct the generators of G and G' first, 



then use straightforward oscillator algebra to derive the commutation relations (4.2), (|4.5|), 
fljjj ), (PH) , dPaD , and (PD , as we did in Sections |J, |J, and g. 

We can combine the two sets of fermionic generators Q a and Qy into one set 



Qi 




(4.15) 
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Eqs. ( |2,39|) , (|2,53|) , and ( |3.11|) are explicit examples of the above combination. As a result, 
all commutation relations of the "fused" superalgebra can be put into the compact form 

{Qi, Qj} = T¥jk uv M v , [M u , Qj) = - T yjU JK Q K , [M u , M v ] = f uv w M w . (4.16) 

For instance, Eqs. ( 2.42| ), ( 2.45[ ), and ( p. 46 ) are concrete examples of the first, second, and 
third equations of ( 4.16| ), respectively. 

The M 9 M h Q a / and M 9 M h Q a Jacobi identities are nontrivial and always obeyed due 
to the fact that M u n M u ' = M 9 / (see Appendix g), so that the second and third FIs of 
( A.14| ) are always satisfied, even one cannot fuse G and G' into a single closed superalgebra. 

4.2 Fusing More Than Two Superalgebras 

It is straightforward to generalize the "fusion" procedure to fuse three or more superalge- 
bras. We may have to add new fermionic generators to fuse three or more superalgebras. 
Consider for example the following superalgebras 



(Gi,G 2 ,G 3 ) = (C7"(JVi|iV a ), Cr(J\r 2 |JV 3 ), l7(iV 3 |iV4)). 



(4.17) 



Here G\ and G2, whose bosonic parts share a common part U(N 2 ), satisfy the conditions 
as G and G' do (see Sec. |j); G2 and G3 also satisfy the conditions as G and G' of Sec. 
Q do, but their bosonic parts share a common part [/(.A3). However, the superalgebra G\ 
is independent of G3 , in the sense that every generator of G\ commutes or anticommutes 
with every generator of G3. Using (4.17) to construct the 3-algebra in the J\f = 4 quiver 
gauge theory gives the quiver diagram for the gauge group [ 13 1 

U(Nt) - U(N 2 ) - U(N 3 ) - U(N 4 ). (4.18) 

The three copies of multiplets are in the bifundamental representations of U(N\) x [/(A2), 
U{N 2 ) x U(N 3 ), and U(N 3 ) x U(N 4 ), respectively. 

To fuse G\ ~ G3, let us try to utilize their oscillator realizations. Recall that G\ and G 2 
are constructed in terms three independent oscillators in Eqs. (|3.5|), and their generators 



are given by (|3.6| ) and (3/7), respectively. To construct G3 in terms of oscillators, we need 
to introduce a fourth independent set of oscillators 



[d a ,d**] = 5 ii *, [d fi ,d D ] = [d fi +,d t] 



0. 



(4.19) 



Now the generators of G3 can be constructed in terms of ( 4.19 ) and the third set of 

Tj't = -d^. (4.20) 



oscillators of ( |3~5| ): 



-k Ci ,d u \ Mil 3 



Oil a J 



Let us now pick up three fermionic generators from G\, G 2 , and G3 respectively, and 
consider the Jacobi identity of these 3 generators: 



[{Qf, Qj }, Qv*\ + [{Qj/, Qj }, Qi a ] + [{Of, Qk'% Qi 



0. 



(4.21) 



-17- 



Without any calculating, we notice immediately that the last term must vanish since G\ is 
independent of G3. A short calculation shows that the first two terms add up to be zero. 
The explicit expression of the first term is given by 

[{Qf ,<5/},0fe' S ] = fcV = SvHk/Qf, (4.22) 

where we have defined a set of fermionic generators Qf 1 - Similarly, the Qu % Qi' v Qu k ' Jacobi 
identity is also obeyed, and we must introduce another set of fermionic generators Qu l 
defined by the equation 

[{Qu\QA,Qu k '} = -du^^'iV^kdub^) = (4.23) 

Namely, we must introduce the fourth set of fermionic generators 

Qa = ( f |1 (4.24) 




into the system. According to Sec. [I], this is a typical fermionic fusion 2 , since we have 
introduced a set of new fermionic generators Q a to fuse the three superalgebras. It is easy 
to verify that Qf 1 and Qu l obey the commutation relations of U(Ni\N&); for instance, 

{Qu\ Qf} = kiSjMf + SfM^). (4.25) 

Therefore, to obtain a fermionic fusion of G\ ~ G3, it is necessarily to introduce the 
fermionic generators of U{N\\N±) hence the the superalgebra U(N\\N&) into the system. 
Let us denote U{N\\N±) as G4. Then the fermionic fusion of the superalgebras G\ ~ G3 
(see ( 4.17| )), is the same as the fusion of the four superalgebras 

(Gi,G 2 ,G 3 ,G 4 ) = {U(Ni\N 2 ), U(N 2 \N 3 ), U(N 3 \N 4 ), U(Ni\N4)). (4.26) 

These superalgebras form a closed "loop" 

Gl 

G4 G2 

G 3 (4.27) 

in which the bosonic parts of every adjacent pair share one common part. The superalgebra 
fused by G x ~ G 4 is U(Ni + N 3 \ N 2 + N 4 ). If we use ( gj^ ) to construct the N = 4 theory 
1 13], in accordance with Q4.27 ), the resulting quiver diagram for the gauge group is 



U(Ni) - U(N 2 ) 



U(N A ) - U(N 3 ) (4.^ 



2 The definition of fermionic fusion is essentially different from that of the fusion in Sec. ^ (see also Sec. 
Q), since in defining the fusion, we have not introduced any new fermionic generators. The fermionic fusion 
may be not interesting as the fusion itself, since in principal, by adding sufficient fermionic generators, one 
may fuse any two or more superalgebras into a single close superalgebra. However, it is still interesting to ask 
that what are the minimum numbers of fermionic generators needed for fusing two or more superalgebras 
into a single closed one. 
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The four copies of multiplets are in the bifundamental representations of U(N 4 ) x U(N 2 ), 
U(N 2 ) x U(N 3 ) , U(N 3 ) x U(N 4 ), and U(N 4 ) x U(N{), respectively. 

We see that the theory constructed by using fl4.26|) is completely different from the one 



constructed by using ( 4.17 ). However, they have the same underlying structure, in the sense 



that both (|4.17[) and ( |4.26|) can be "fused" into the same superalgebra Z7(iVi + iV 3 1 AT 2 + iV 4 ) . 



We have to emphasize that the Lie algebra of the gauge group represented by either ( 4.1^ ) 



or ( 4.2§| ) is just a proper subalgebra of the bosonic part of U(Ni + A3IA2 + -ZV4), not its 



full bosonic part. 

Also, if we select the bosonic parts of U(Ni + N 3 \N 2 - X) and U(N 4 + N 3 \N± + A) 
(A = 0, . . . , N 2 — 1), sharing the common factor U(N 4 + N 3 ), as the Lie algebra of the 
gauge symmetry, we will obtain a set of different N = 4 theories as A runs from to 
N 2 — 1; the corresponding quiver diagrams are given by 

U(N 2 - A) - U(Ni + AT 3 ) - U(N 4 + A), A = 0, . . . , N 2 - 1. (4.29) 

However, all the corresponding "fused" superalgebras are the same, since 



U(Ni + N 3 \N 2 - A) fusing U(JVi + N 3 \N A + X) 
= U(Ni + N 3 \N 2 -X + N 4 + X) = U(m + N 3 \N 2 + N 4 ). (4.30) 

So the theories depending on A are not only different form each other, but also different 
from the two theories constructed by using ( 4.26| ) and ( f4.17| ) respectively. But all these 



theories are associated with the same "fused" superalgebra U(Ni +^3^2 + N4). 

Let us now try to "fuse" the superalgebras in ( |4 . 1 7| ) in an alternative approach. On 
one hand, fusing G\ and G2 first gives U (Ni + N 3 \N 2 ). We now must fuse U(Ni + N 3 \N 2 ) 
and G 3 = U(N 3 \N 4 ). On the other hand, fusing G 2 and G 3 first gives U(N 3 \N 2 + N 4 ). 
Hence we must fuse U(N 3 \N2 + N 4 ) and G\ = U(N\\N 2 ). The two fusions must give the 
same final result, i.e. 

U(Nx + N 3 \N 2 ) fusing U(N 3 \N 4 )) = ( U(N 3 \N 2 + N 4 ) fusing U(Ni\N 2 )) . (4.31) 



Let us look at the left hand side. We see that the common part, the Lie algebra of U(N 3 ), is 
a proper subalgebra of the Lie algebra of U(N\ + N 3 ) of the bosonic part of U (N\ + N 3 \N2), 
provided that N\ 7^ 0. As a result, we encounter an interesting complication. However, by 
using a little oscillator algebra, we find that it is necessarily to add U(N 4 \N 4 ) into the left 
hand side, and fusing these three superalgebras gives exactly U(N\ + N 3 \N 2 + N 4 ), which 
also can be derived by fusing U(Ni\N 4 ) and the two superalgebras in the right hand side. 
Consider the general line-like (not a closed loop) case of unitary superalgebras 

[G Xl . . . , G n ) = (U(Ni\N 2 ), U(N 2 \N 3 ), . . . , U(N n ^\N n ), U(N n \N n+1 )) , (4.32) 

where the bosonic parts of any adjacent pair Gi and Gi +4 (i = 1, ■ • ■ , n — 1; n > 3) share a 
common part U(Ni+i); any pair of superalgebras are independent if they not adjacent (G*i 
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and G n are also independent). They can be fused into 

l+[f] 



k=l k=l 

where [^] is the integer part of ^. In fl4.32j ), if n is even and the bosonic parts of G\ and 
G n share the Lie algebra of U(N 1 ) = U(N n+1 ), then §~32] ) becomes a closed loop and the 
resulting "fused" superalgebra is also ( |4.33| ). However, if n is odd, it seems that one cannot 
fuse these superalgebras forming a closed loop into a single closed superalgebra. Also, their 
bosonic parts cannot be selected as the Lie algebra of gauge group of the M = 4 theories 
||. For example, consider the simplest case 

(d, G 2 , G 3 ) = (U(Ni\N 2 ), U(N 2 \N 3 ), tf(JV 3 |#i)), (4.34) 

which is a closed loop with odd number of superalgebras, in the sense that the bosonic 
parts of every pair superalgebras share one common part. If we pick up three fermionic 
generators from G\, G 2 and G3, respectively, then their Jacobi identity cannot be obeyed. 



Also, if we select the bosonic parts of (4.34) as the Lie algebra of gauge group of the 



J\f = 4 theory, then at least two multiplets (out of the three multiplets) are in the dotted 
or undotted representation of the SU(2) x SU(2) R-symmetry group simultaneously. As a 
result, at least one QQQ Jacobi identity cannot be obeyed, so the bosonic parts of G±, G 2 
and G3 cannot be selected as the Lie algebra of gauge group of the M = 4 theory || . 
Similarly, one can also consider the line-like case of orthosymplectic superalgebras, 

(OSp(M 1 |2AT 1 ),OSp(M 1 |2iV 2 ),05p(M 2 |2A' 2 ), . . . , 

OS P (M n \2N n ),OS P (M n \2N n+1 ),OSp(M n+1 \2N n+1 )) (4.35) 

where the bosonic parts of any adjacent pair of superalgebras share one and only one 
common simple factor; any pair of superalgebras are independent if they not adjacent 
{{O Sp(M\\2Ni) and O Sp(M n+ \\2N n+ i) are independent as well). One can fuse them into 



(n+l n-r± \ 

Y J M k 2Y J N k ). (4.36) 
k=l k=l ' 

If the number of all superalgebras in ( |4.35| ) is even and the bosonic parts of the first 
and last superalgebras {(OSp{Mi\2N\) and O Sp{M n+ i\2N n+ i)) share one simple common 
factor SO (Mi) = SO(M n+ i), then ( |4.35 ) becomes a closed loop and the resulting "fused" 



n+l 



superalgebra is also ( 4.36 ). 



If the bosonic parts of three or more superalgebras share one common part, they can 
be also fused into a single closed superalgebra. For example, let us consider 

(Gi, . . . ,G n ) = {OSp{M\2N x ), . . . , OSp{M\ZNi), OSp(M\2N n )), (4.37) 

i.e. the bosonic parts of the n > 3 orthosymplectic superalgebras share the Lie algebra of 
SO(M). They can be fused into 



OSp[M 



i=l 
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Similarly, one can fuse 



(G 1 ,...,G n ) = (OSp(M 1 \2N),...,OSp{M i \2N),...,OSp(M n \2N)) (4.39) 
and (G 1 ,...,G n ) = {U(N\N 1 ),...,U(N\N i ),...,U(N\N n )) (4.40) 



into 



OSp ( M i 2N ) and U ( N N *) ' 
V i=1 / V i=1 / 



(4.41) 



respectively. However, by the same reason that the bosonic parts of ( [4.34 ) cannot be 
selected as the Lie algebra of gauge group of the N = 4 quiver gauge theory, the bosonic 
parts of ( |4.37| ) , ( (4.39|) or ( 4.40 ) cannot be used to construct the N = 4 quiver gauge theory, 
though their "fused" superalgebras Q4.38| ) and ( 4.41| ) can be used to construct the M = 4 
GW theories and N = 5 theories. 

It is also possible to "fuse" the superalgebras whose bosonic parts forming a more 
complicated mesh-like diagram. For example, consider the following seven superalgebras 



[OSp{M\2N x ), OSp(M\2N 2 ), OSp(M\2N 3 ), OSp{M\2N), 
OSp(M!\2N), OSp(M 2 \2N),OS P {M 3 \2N)). (4.42) 



The bosonic parts of G\ ~ G4 share the Lie algebra of SO(M), while the bosonic parts 
of G5 ~ G-j share the Lie algebra of Sp{2N). Therefore the bosonic parts of the seven 
superalgebras form the mesh-like diagram: 

Sp{2N 1 ) SO(M 3 ) 



Sp(2N 2 ) - SO{M) - Sp(2N) - SO{M 2 ) 



(4.43) 



Sp(2N 3 ) SO(Mi) 
These seven superalgebras ( [4.42 ) can be fused into the superalgebra 



3 3 

OSpUl + Y j M i 2{N + Y j N i )\ 

\ 8=1 i=l ' 



(4.44) 



which can be used to construct the M = 4 GW theories and N = 5 theories. 



5. Conclusions and Discussion 

We have developed a fusion procedure to "fuse" two superalgebras G and G' , whose bosonic 
parts share at least one simple factor or U(l) factor, into a single closed superalgebra. 
The fermionic generators of the "fused" superalgebra are a disjoint union of the fermionic 
generators of G and G'\ in fusing G and G' , one needs only to introduce a set of new bosonic 
generators for closing the "fused" superalgebra. The generic structure of the superalgebra 
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"fused" by two superalgebras has been worked out, and the fusion procedure has been 
generalized so that one can fuse more than two superalgebras. Two different methods 
were introduced to do the fusion. We have constructed several classes of the "fused" 
superalgebras in Sec. ||, ^ and [|. For instance, in Sec. |3], we have fused U(Ni\N2) and 
U(N2\Ns) into U(Ni + A^A^). Here the common part of the bosonic parts of U(Ni\N2) 
and [/(A^IA^) is [/(A^)- It seems all classical superalgebras admit "fusions", i.e. two 
orthosymplectic (unitary) superalgebras can be fused into a single closed orthosymplectic 
(unitary) superalgebra, provided that certain conditions are satisfied. 

We have also generalized the fusion procedure to a fermionic fusion procedure, by 
allowing one to add minimum numbers of fermionic generators as well as bosonic generators 
into the system, such that two or more superalgebras may be fused into a closed one (see 
Sec. O). 



It is particularly interesting to note that even if two or more N = 4 theories have 
completely different gauge groups and different numbers of multiplets, they may have the 
same underlying "fused" superalgebra structure, in the sense that the corresponding two 
or more sets of the superalgebras, used to construct the 3-algebras that generate the gauge 
groups, can be "fused" into the same single closed superalgebra, respectively. For instance, 
the M = 4 quiver gauge theories whose quiver diagrams are given by ( 4.18| ), ( |4,28; ), and 



(4.29), respectively, are associated with the same "fused" superalgebra U(N\ +A3I A2+A4). 
It would be nice to explore the physical significance of this relationship. 

We have also discovered that some superalgebras cannot be fused into a single closed 



superalgebra even if the bosonic parts of any pair of them share one common factor: ( 4. 34| ) 



is such an example. Interestingly, the bosonic parts of ( [4.34 ) cannot be selected as the Lie 
algebra of Lie group of the J\f = 4 theory. 



We are not sure that whether all the superalgebras in our recent work []13| used to con- 
struct the symplectic superalgebras in the N = 4 theories can be fused into single superal- 
gebras or not. For instance, can we fuse (OSp(Ni\2), G3) into a single closed superalgebra? 
Here the common part of the bosonic parts of the two superalgebras is Sp(2) = SU(2). 
It would be nice to achieve a complete classification of the "fused" superalgebras. It can 
be seen that the Lie algebras of the gauge groups of the Af = 4 quiver gauge theories 
have extremely rich structures, hence may inspire some further non-trivial physical and 
mathematical problems to study. 
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A. A Review of the J\f = 4 Theory Based on 3-Algebras 

In this Appendix, we review the general N = 4 quiver theory constructed in terms of 
the double-symplectic 3-algebra or the N = 4 three-algebra [12, 13]. The generators 
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of the double-symplectic 3- algebra are the disjoint union of that two sub symplectic 3- 
algebras, whose generators are denoted as T a and T a >, respectively, where a = 1, • • ■ , 2R 
and a' = 1, • • • , 25. The symplectic 3-algebra is a complex vector space equipped with the 
3-bracket 

[Tj,Tj; T K ] = f IJK d T d + f IJK d 'T d > (A.l) 
= 9uk L Tl, 

where Tj can be a primed or an unprimed generator, i.e. 

T I = (T a oxT a ,). (A.2) 
The 3-bracket is required to satisfy the fundamental identity (FI): 

[Ti,Tj; [Tm,Tn;Tk]] = [[Tj,Tj;Tm],Tn;Tk] + [Tm, [Tj ,Tj;Tn];Tk]+[Tm ,Tjv; [Tj ,Tj;Tk]]- 

(A.3) 

Substituting ( [All ) in to flO| ), we see that the structure constants must obey the identity 

9mnk 9uo = guM°goNK L + guN° gMOK L + guK° gMNo L ■ (A. 4) 

To define two symplectic 3-algebras, we introduce two invariant anti-symmetric tensors 

uj ab = uj(T a ,T b ) and oj a > v = u(T a >, Ty) (A.5) 

into the two sub 3-algebras, respectively, and denote their inverses as u bc and oj b ' c ' , sat- 
isfying uj a ijUJ bc = 5% and uj a iyuj b ' c ' = 5^,. We will use the antisymmetric tensors uj to 
lower or raise the indices. The unprimed and primed vectors are required to be symplectic 
orthogonal, that is, 

Gj(T a ,T b ,)=u;(T v ,T a ) = 0. (A.6) 

Finally, we assume that the 3-brackets satisfy the two conditions 

[T I ,Tj;T K ] = [T J ,T I ;T K ], (A.7) 
u([T I ,Tj;T K ],T L )=u{[T Kl T L ;Tj],T J ). (A.8) 

The 3-algebra defined by Eqs. ( [A.l[ ) — ( |Alj| ) is called a double-symplectic 3-algebra ]l3[ . 



Taking account of ( |A.7f ) and Tj = (T a or T a >), we notice that (lAT|) gives six indepen- 
dent 3-brackets. Since T a and T a i span two symplectic sub 3-algebras respectively, we must 
have 

[T a ,T b ;T c ] = f abc d T d and [T a >, T v ; T d ] = f a , v /T d ,. (A.9) 
Comparing (|A.9|) with (A.l), we note that 



fab/ = fa>b>c> d = 0. (A.10) 

Using flOf ), ([&~7rD , (gg), and ([OoD , it is not difficult to prove that 

/abc'^ = /a'fe'c^ = /afe'c^ = /fea'c'^ = 0. (A. 11) 
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Combining ( |A.1[) and ( |A.ll ), we learn that the rest four 3-brackets are given by 



[Ta, Tb] Tfj] = fabc ,d Td< , [T a i , Ty ; T c ] = f a 'b>c d Td, 
[T a , Ty ; T c ] = fab'c d Td> , [T a > , T b ; T c i) = fb a 'c' d Td- 



(A.12) 
(A.13) 



On account of the symmetry conditions ( |A.7j ) and ( |A.8|) , Eq. (|A.4j) may be decomposed 
into eight independent FIs. The four FIs not involving f a b'cd' — ^d'e' fab'c e ' are given by 



f abe 9 f gfcd ~i~ f abf 9 f egcd fefd 9 fabcg f efc 9 f abdg — 0, 
fabe 9 fgfc'd' + fabf 9 fegc'd' ~ fefd' 9 fabc'g' ~ fefc' 9 fabd'g' = 0, 
fa'b'e 9 fgfc'd' + fa'b'f 9 fegc'd' ~ fefd' 9 fa'b'c'g' ~ fefc' 9 fa'b'd'g' = 0, 
fa'b'e' 9 fg'f'c'd' + fa'b'f' 9 fe'g'c'd' ~ fe'f'd' 9 fa'b'c'g' ~ fe'f'c' 9 fa'b'd'g' = 0. 

The other four FIs involving fab'cd' are the follows 

fac'b" fefd'g' = fef a d fdc'bg' + fefc' d fad'bg' + f efb" f ad dg' ^ 
fac'b" fef'gd' = fef'a, d fd'c'bg + fef^c'fadbg + fef'b d fac'gd', 
fac'b" fe'f'd'g' = f e' f a d fdc'bg' + fe'f'c' d fad'bg' + f e' f'b" f ad dg' ■, 
fac' d g'fef'db' = fef'a, d fd'c'g'b' + fef^c'fadg'b' + f ef' d g' f ad db> ■ 

We assume that the N = 4 action is invariant under the transformation [ 12 ] 
J A $ = A a6 [T a , T 6 ; + A a ' b ' [T a , , Ty ; $] , 



(A.14) 



(A.15) 



(A.16) 



where the 3-algebra valued superfield <J> can be an untwisted superfield <I> = Q°\T a or a 
twisted superfield <I> = Q a -T a i. The infinitesimal parameters A '' and A a ' b ' are independent 
of superspace coordinates. The symmetry ( A.16| ) will be gauged later. One may try to add 
the term 

A ab '[T a ,Ty,^] = 8 K ^ (A. 17) 

to the right hand side of ( |A16 ). However, using the first equation of ( |A.13 ), we obtain 

5 K $ A = A ab '[T a ,Ty^ A T c ] = {K ab 'f a y c d % c A )T dl . (A.18) 

The most right hand side indicates that 5-^ §a / (^a 3 ^)a-^c' conflicting with the assump- 
tion <&a = ^A^a- We therefore must require that 5^ $>a = 0. This can be fulfilled by 
setting either A ab ' = or f a b'c d ' = 0. 

• If we set A ab ' = 0, then Eq. ( A.lTj ) does not play any role in constructing the theory; 
only the symmetry defined by flA.16| ) will be gauged. 



If we set f a 



0, then ( A. 8 ) implies that f a yd' c = 0. As a result, we have 



S^ 3 <&A = as wen - Note that after setting f a b'c d ' = fba'd' c = 0, the four FIs ( |A15| ) 
are satisfied automatically. We call the new 3-algebra obtained from the double- 



symplectic 3-algebra by setting /, 



ab'c 



fl 



ba'd' 



an N = 4 three- algebra. 
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The antisymmetric tensor lo C( i is invariant under the transformations: 

S^^cd = h ab {fabc' UJ e d + fabd e U ce ) = 0, 

^cd = A ab {fa'b'c^ed + fa'Vd^ce) = 0. 



(A.19) 
(A.20) 



Eqs QA.19Q and ( |A.20Q are nothing but f abcd = f abdc and f a 'b'cd = fa'b'dc respectively. 
Similarly, by considering the invariance of 0J c 'd', we obtain f a 'b' c 'd' = fa'b'd'd an d fabc'd' = 
fabd'c'- Note that these equations are consistent with Eq. ( |A.g| ). In the case of double 
symplectic 3-algebra, using ( |A,6| ), it is not difficult to prove that u> are also invariant under 
the transformation ( |A.17[ ), i.e. 



^A^cd = ^A-^c'd' 



0. 



(A.21) 



Note that in proving ( [A. 21 ), we have not set A ab ' = 0. In the case of M = 4 three-algebra, 



Eqs. ( |A.21 ) are satisfied automatically due to the fact that f a b'c d = ft 



ha', 



0. 



Plugging <I> = $ a A T a and $ = $ a ^T a i into ( A.16| ), respectively, we see that only /< 



structure constants 



abc 



fu' 



b'd 



four 



f< 



abc' 



and /, 



a'b'c 



(A.22) 



are needed in defining the symmetry transformation. Indeed, later we will see that only the 
above four structure constants appear in the action and the law of supersymmetry trans- 
formations (see ( [A. 29 ) and ( |A.31[ )), while f a b'c d ' and fba'c' d (the two structure constants of 
the rest two 3-brackets ( A.13| )) do not appear in the action at all. 

In summary, the four structure constants ( |A.22| ) enjoy the following symmetry prop- 
erties ||] 

fabcd fbacd fbadc fcdabi 

fabc'd 1 = fbac'd' = fbad'c' = fc'd'ab, (A. 23) 

fa'b'c'd' = fb'a'c'd' = fb'a'd'c' = fc'd'a'b' ■ 

To guarantee the positivity of theory, they are required to obey the reality conditions |l2| 



f*a c fb d f*a' c rb' d r 

J b d — J a a J b' d — J a' ci J 



*a' c' 

V rl' 



f a , a d . (A.24) 
To achieve the closure of the M = 4 algebra, one must impose the linear constraints [^] 



f(abc)d = and f( a 'b'c')d' = 0. 



(A.25) 



It is natural to require the three independent structure constants to be invariant under 



the symmetry transformation ( A.16 ), i.e. 

Seabed = S^fa-bc'd' = ^xfa'b'c'd' = 0, 



(A.26) 



A short calculation shows that Eqs. ( [A. 26 ) are equivalent to the four FIs (A. 14). Therefore 
Eqs. ( |A.26| ) do not involve the rest four FIs ( A.15| ) at all. 



Since fabc'd' = fc'd'ab (see (A. 23)), there are only three independent structure constants. 
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Using the double-symplectic 3-algebra or the N = 4 three-algebra, we have been able 
to construct the N = 4 quiver gauge theory in a superspace approach In the theory, 
the un-twisted multiplets (Z^ip^) and the twisted multiplets (Z^,ip^[) obey the following 
reality conditions 

Z A = u; ab e AB Z b B , i>i = u ai e A *Z% (A.27) 
Z A = u a , v e AB Z% i$ = u a , v e AB Z b B , (A.28) 

where A, A = 1,2 are the undotted and dotted indices of the SU(2) x SU(2) R-symmetry 
group, respectively. The J\f = 4 Lagrangian is given by 

£ = l -(-D hl Z A D^Zl - D^D^zf + i^D^ a A + iffi-fD^) 

- l -UacMZ a A Z Ab r B ^ d + f a ' dVdl ZfZ Ab '^ Bd ') 

+ lfabc'd>(Z a A Zy A ^ Bd ' + Z<Z%^ Bb + 4Z%Z Bd '^ Ac ') 

+\e^\f ahcd Afd v Af + 2 -f ahc Pf gdef AfA cd A e l) 

+\e^\f a ,v dd ,Afd v Ai d ' + 2 -fa> b >/f g > d >ei f >AfAi d 'Ai f ') 
+^\f abc , d ,A ab d u Ai d ' + f abc 9 f gde >f>A ab AfAi f ' + f ab /f 9 > d >e>rA ab Ai d, Ai f ') 



+-(fa bcg f 9 d efZ Aa Z B Z^ c Z a c >Z^Z A + f aWgl f° d , e>r Z Aa Z B Z^ C Z a c >Z^ Z\ ) 

II ft' rjAd ryd' ryb ryDf 17(1 ryCe 1 f en rfAcrycL ryb' rjt) f r^a' rrCe' \ 

— -^{Jabc'g'J d'ef^ ^ A D Z C Z + Ja'b'cgJ del f Z *> A Z B ^ C )> 

(A.29) 

where the gauge fields and the covariant derivatives are defined as 

D^Z A = d^Z A - A^ c d Z A , Aft = Aff ab c d + Af'f a , b , c d , (A.30) 

D^Zci/ = d^Z A i — A^ c d 'Z A , A^ c d i = A a ^ b f a i b i c d i + A ab f ab c d i. 

Here A ab and A^ b are independent Hermitian tensors, provided that the two sub 3-algebras 
are not identical. The N = 4 super symmetry transformations read 

SZ% = ie A A r A , 
5Zf=ie\ A rl, 

= -l^ D /j.Z B eA B - -f a b ' c ' d 'Z b B Z Bc Z^e A ° + f a b < cd Z b ^Z Bc Z d A e B A , 
Sr A = -rD,Z%e\ B - l -r bcd Z b B Z Bc Z d e\ c + f a bc , d ,Z A Z Bc 'zfe B A 
SAfi = ie AB 1 ^ b B Z%f ab c d + ie^^Z^f^a, 

5A/ d , = ie AB 1 ^ b B Zy a b d > + ie^^zf U<V d d<, (A.31) 
where the supersymmetry parameter e A B obeys the following reality condition 

e A ~ ~ e e AB e C ■ (A. 32) 
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The closure of the above N = 4 algebra has been verified in Ref . [ 12 1 . 

One can generalize the construction of this Appendix by introducing a symplectic 3- 
algebra containing three or more (n > 3) symplectic sub 3-algebras, and by letting that n 
multiplets take values in these n sub 3-algebras respectively. One then can realize these n 
sub 3-algebras in terms of n superalgebras respectively. 

B. A Review of the Superalgebra Realization 

In this Appendix, we review the superalgebra realization of the four sets of 3-brackets ( |A.9[) 
and ( A.12| ) and the four sets of FIs ( A.14 ); we also comment on the rest two 3-brackets 



jAl3| ) and four sets of FIs flO]) 



As we mentioned in Section [T], we used two superalgebras G and G' to realize the two 
sub algebras of the double-symplectic 3-algebras jOJ . Here G and G' are given by 

[M u ,M v ]=f uv w M w , [M u ,Q a ] = -r: b u bc Q c , {Q a ,Q h } = r^ b k uv M v , (B.l) 

and 

[M u \ M v '\ = f u ' v ' w ,M w \ [M u \Q a ,] = -T$ v w Vd Q„, {Q a >,Qb>} = T$ v k u , v ,M v ' , 

(B.2) 

respectively, where a = 1, • • ■ , 2R and a' = 1, • • ■ , 2S. The invariant antisymmetric tensors 
are defined as 

OJab = K(Qa,Qb), Ua'b' = K(Q a >,Q b >), (B.3) 

and their inverses are denoted as uj ab and oj a ' b ' satisfying uj^uj^c = 8% and uj a ' b ' ' ujy c i = 5®,. 
We will use u to raise or lower indices. The invariant symmetric forms are defined as 
k uv = —k(M u ,M v ) and k u ' v ' = —k(M u ',M v '); their inverse are denoted as k uv and k u i v >, 
satisfying k uv k vw = 6™ and k u > v ik v ' w ' = 8™, . The forms k are invariant |3|, |2^] in the sense 
that 

k([A, B}, C) = K (A, [B, C}), k([A', B'}, C) = k(A' , [B\ C'}), (B.4) 

where A = Q a or M u , and A' = Q a > or M u ' . 
If we set 

T a = Q a , T a i = Q a i, (B.5) 
the four 3-brackets can be constructed in terms of the double graded commutators 

[T a ,T b ;T c ] = [{Q a ,Qb},Qc\, [T a ',Ty;T c '] = [{Q a > ,Qb'},Q c '}, 

[T a ,T b] T cl ] = [{Q a ,Q b },Q cl ], [T a ',Ty,T c ] = [{Q a ',Qb'},Qc]- (B.6) 



The right hand sides of the last two equations of (B.6) are required to satisfied two crucial 
conditions. First, in order that there are nontrivial interactions between the twisted and 
untwisted multiplets, one must require that 

fab/ * 0, f a , Vc d ± 0. (B.7) 
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Secondly, in accordance with Eqs. ( A.ll| ), we must require that 



abc' 



fa' 



b'c 



0. 



(B. 



In Ref. we have proved that if the bosonic parts of G and G' share at least one 
simple or £7(1) factor, the requirements ( |B,7D and ( |B.8| ) can be fulfilled, provided that the 
common bosonic part of G and Q is not a center of G and G '. Denoting the generators of 
the common bosonic part as M 9 , i.e. schematically, M 9 = M u n M u ' , we have 4 



M u = (M a , M 9 ), M u = (M° , M 9 ). 



(B.9) 



(Here a is not an index of spacetime spinor. We hope this will not cause any confusion.) 
And we assume that we do not identify the two superalgebras G and G': schematically, we 
exclude the possibility that Q a = Q a i and M a ' = M a = 0. Hence it is natural to require 
that 

[M a ,Q al ] = [M a ',Q a ] =0. (B.10) 



With the decompositions ( p.9[ ), the anticommutators in (p.l[ ) and ( p.2| ) can be written 



as 



{Qa, Qb} = r^kapMP + r 9 ab k gh M h , {Q a ,,Qv} = T^ b ,k aipi M^ + T 9 a , b ,k gh M h , (B.ll) 

where wg have decomposGd the invariant quadratic form k uv as k uv = (k a /3,k g h). Using 
( B.l[) , QB.2|) , and ( B.ll ), the structure constants of 3-brackets in (|B.6| ) can be easily read 



off; they are given by the tensor products 



abed 



u u v f u' v' £ r, 9 h 

K uvT a i,T cd , Ja'b'c'd' — Ku'v'T a 'b' T c'd'i 1 abc' d' — K ghT a b T c'd' 



(B.12) 



where we have used (plc| ). By the M a M 9 Q a ,, M a 'M 9 Q a , and M a> M a 'Q a Jocobi identi- 
ties, we learn that 



[M a ,M 9 ] = [M a ,M 9 ] = [M a ,M c 



0. 



(B.13) 



The structure constants ( B.12 ) posses the desired symmetry properties ( A. 23 ) and obey 



the real conditions (A. 24). The Q a QbQc Jacobi identity of (B.l) implies that the first 
equation of ( A.25| ) is obeyed, i.e. f( a b c )d = 0- Similarly, f( a 'b'c')d' = is equivalent to the 
Qa'Qb'Qc' Jacobi identity of QB.2j ), 

As for the four sets of FIs in ( |A.14[ ), one can prove that they are equivalent to the 
M u M v Q a , M u M v Q a i, M 9 M h Q a and M 9 M h Q a , Jacobi identities, respectively. For in- 
stance, using Eqs. ( p.6| ), one of equations in ( |A.3| ) can be converted into 



[{Qa,Qb},[{Qc,Qd},Qa'}\ 

[{[{Qa,Qb},Qc],Qd},Qa'} + [{Qc, [{Qa, Qb}, Qd}},Qa' 
+ [{Qc,Qd},[{Qa,Qb},Qa'}}- 



(B.14) 



4 More generally, one can decompose M u ' into M u ' = (M a ' ,M 9 ), where M 9 = T 3 h M h , with T 9 h a 
complex non-singular linear transformation matrix WM. Here we set T 9 h = 5 9 h for simplicity. 
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A short calculation shows that it is equivalent to the second FI of ( [A. 14 ). On the other 
hand, using flOD , ( pUD , plo|) , and (|Bl3D , we can convert (pTUD into the M 9 M h Q a > 
Jacobi identity of (|B] 



r g ab r^ d ([M h , [M g ,Q a ,]] - [M g , [M h ,Q a ,]\ + [[M g ,M h ],Q a /]) = 0. 



(B.15) 



In this realization, the Lie algebra of gauge group is the bosonic subalgebras of the 
superalgebras flB.ip and (|B.2|); specifically, it is spanned by the set of generators 



(M a ,M 9 ,M c 



(B.16) 



The representations of the bosonic subalgebras of (|B.l| ) and ( p.2|) are determined by the 
fermionic generators Q a and Q a ' , respectively. The classification of the gauge groups of the 
N = 4 quiver gauge theories can be found in Ref. jn| ||, 10]. In particular, in Ref. [13], 
the authors have able to construct a number of classes of M = 4 theories with new gauge 
groups, using the approach described in this appendix. 

Let us now comment on the two 3-brackets ( A. 13| ) and the four FIs (A. 15). In the case 
of double-symplectic 3-algebra, if G and G' can be 'fused' into a closed superalgebra, one 
can construct the rest two 3-brackets Eqs. ( |A13| ) in analogue to Eqs. ( B.6| ), i.e. 



In summary, we have 



[{Qa,Qb'},Qc\, [T a >,T b ;T c >] = [{Q a ',Qb},Qc 



where 



Note that 



T! = Qj, [Ti,Tj;Tk] = [{Qi,Qj},Qk}, 

Ql = (Qa or Q a ,). 
is obeyed by the construction 

u{[T u Tj-T K ],T L ) = k([{Qi,Qj},Q k ],Ql) 



(B.17) 



(B.18) 



(B.19) 



(B.20) 



and one can also prove that Eqs. (|A~TT| ) and ( |A10|) are obeyed [0 

Recall that in Sec. (|l]), in "fusing" G and G' , we have defined the anticommutator of 
Q a and Qy as (see Eq. (|1.7|)) 



{Qa, Qb'} = tab /M U' 



(B.21) 



where are a set of bosonic generators, and t^ b , are structure constants of the anticom- 
mutator. The structure constants of the commutators involving Ma can be found in Sec. 
|4[ Now one can prove that the four FIs ( |A15| ) involving f a b'cd' are equivalent to the four 
Jacobi identities relating the bosonic generators M„ defined in Eq. (B.21). In summary, 
using ( |B.18| ), one can construct the FI ( |A.3| ) as follows 



[{Qi,Qj},[{Qm,Qn},Qk) 



[{[{Qi, Qj}, Qm], Qn}, Qk] + [{Qm, [{Qi, Qj}, Qn]}, Qk] 
+[{Qm, Qn}, [{Qi, Qj}, Qk}}, (B.22) 
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which can be converted into the MMQ Jacobi Identities of the fused superalgebra. By 
( B.18| ) and ( |B.22| ), we learn that the double-symplectic 3-algebra indeed can be constructed 



in terms of the fused superalgebra. However, if the superalgebras G and G' cannot be fused 
into a closed superalgebra, we are not sure whether one can construct flAl^ ) and (|Aj]]) 
in terms of G and G' . It would be nice to answer this question. 

In the case of M = 4 three-algebra, the two 3-brackets vanish identically: \T a ,Ty ,T C ] = 
[T a / , Tb, T c /] =0. As a result, they cannot be constructed in terms of the double graded com- 
mutators ( p.lTp of the "fused" superalgebra, since the structure constants of [{Q a , Qw}, Qc] ' 
fab'c d Qd' and [{Q a , Qb'}, Qc'] = fab'c^Qd do not vanish on account of the QaQb'Qc Jacobi 
identity and the QaQb'Qd Jacobi identity, respectively. If both G and G' are unitary su- 
peralgebras or orthosymplectic superalgebras, by direct calculation (without consulating 
the Jacobi identities), one can show that both [{Q a , Qb'}, Qc] and [{Qa, Qb'}, Qc'] are n °t 
zero (see Sec. § and Sec. ||). 

C. Conventions and Useful Identities 



The conventions and useful identities are adopted from our previous paper [12]. 
C.l Spinor Algebra 

In 1 + 2 dimensions, the gamma matrices are defined as 

(i^M/ + MaH^)/ = (c.i) 

For the metric we use the (—,+,+) convention. The gamma matrices in the Majorana 
representation can be defined in terms of Pauli matrices: (7^)0^ = {io~2, &\, 0-3), satisfying 
the important identity 

(^UHlu)/ = VuvSj + £ m ,a(7 A )/. (C.2) 

We also define e tluX = —e^ v \. So e^ w \e puX = —25^ p . We raise and lower spinor indices 
with an antisymmetric matrix e a p = —e a @, with e\2 = — 1. For example, i(} a = e a ^i/j^ 
and j^a = e / g 7 (7 M ) a 7 , where ipp is a Majorana spinor. Notice that 7^ = (I, —a 3 , a 1 ) are 
symmetric in a/3. A vector can be represented by a symmetric bispinor and vice versa: 

A a p = A^, All = -^fA a p. (C.3) 
We use the following spinor summation convention: 

1>X = ^ a Xa, ^X = r(^)Jxp, (C4) 

where ip and x are anti-commuting Majorana spinors. In 1 + 2 dimensions the Fierz 
transformation reads 

(Ax)V = ~\{W)X ~ \{^)l v X- (C5) 
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C. 2 SU(2) x 5*7(2) Identities 
We define the 4 sigma matrices as 

a a A B = (a\a 2 ,a 3 ,il), (C.6) 

by which one can establish a connection between the SU(2) x SU(2) and S'0(4) group. 
These sigma matrices satisfy the following Clifford algebra: 

_a C „bt B i _6 C „a\ B nratt B 17 \ 

O A O c + a A <? ' £ =20 OA > \\ J -') 

We use anti-symmetric matrices 

*A* = = (J and ^ = V* = j) (C.9) 

to raise or lower un-dotted and dotted indices, respectively. For example, <j a ^ AB = 
e AB a a ^ g B and a aBA = e BC a a c A - The sigma matrix a a satisfies a reality condition 

cr = -e t A B° c , or cr 1 = -a . (ClUj 

The antisymmetric matrix cab satisfies an important identity 

e AB e CD = -(5a C S b D - 5 A D 6 B C ), (C.ll) 

and e^g satisfies a similar identity. 

The parameter for the N = 4 supersymmetry transformations is defined as e AB = 
e a cx aAB . 

D. The Commutation Relations of Superalgebras 



These commutation relations of superalgebras are adopted from our previous paper [13|. 
D.l U(M\N) 

The commutation relations of U(M\N) are given by 

[M u \ Mj] = 6*? - M**, [M/ ,M k /) = 5 k / M/ - 6/ M k / 
[Mu V ,Qw k ] = 8w V Qu > [Ma v , Qk /W ] = —b~u W Qk' v , 

{Q/,Q/} = k{8/Mf + S^M/), (D.l) 

where Qu 1 ' carries a U(M) fundamental index u = 1, • • ■ , M and a U(N) anti-fundamental 
index i' = 1, • • • ,N. Here we have 

Qa' = ( ^Q_i' J = Qi' U fila ~ Qu ha, (P-2) 
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In the second equation of ( p. 4 ), we have introduced a "spin up" spinor xia and a "spin 
down" spinor X2a, he., 5 

Xia = = h a and X2a = = <W (D.3) 

And the anti-symmetric tensor w a b and its inverse read 

"""(-iV, J- " =U.*V )■ <D - 4) 

With Q and floi)) , the superalgebra ( pi ) takes the form of (|BTj) or flB^ ). 
D.2 OSp(M|2iV) 

The super Lie algebra OSp(M|2./V) reads 

= $rk M u-^k M ]i + ^i M rk- 6 ]i M ik> 

\Q,r Q„ } = Hu^Mfj + %A%), (D.5) 

where i = 1, • • • , M is an SO(M) fundamental index, and i = 1, ••■ , 2iV an Sp(2N) 
fundamental index. Here we have 

Qa = Qil and u ab = uj-j. = <%w«. (D.6) 

Now the superalgebra ( D.2| ) also takes the form of ( |B.1| ) or ( |B.2| ). 
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